A beat phenomenon has been observed in Rijke burners with premixed flames. This oscillation is distinguished from the stable limit cycles and has very low frequency (~ 1 Hz) amplitude modulation in acoustic pressure fluctuations. The beat in the thermo-acoustic system is a nonlinear and self-excited oscillation. To understand the mechanisms of self-excited beat, a forced beat by superimposing external acoustic perturbations on a stable limit cycle has been measured, and the pressure oscillations and heat release rate fluctuations in the forced beat are compared with those in the self-excited beats. The power spectrums and the joint time-frequency diagrams highlight the differences of these two types of beats. For the self-excited beat, the low frequency flames pulsations and the corresponding heat release rates have been investigated. The pulsation effects on the acoustic pressure amplitude variation and the fundamental frequency variation are discussed. Finally, the effects of heat powers and equivalence ratios on the occurrence of self-excited beats in Rijke burners have been studied, and the stability maps for two burners with different types of flame holders are given.
INTRODUCTION
Lean premixed combustors are developed to reduce NOx emissions. But they are facing the problem of liability to combustion instability which features strong pressure oscillations. The combustion instability is due to the coupling between acoustic pressure waves and unsteady heat release rates in a confined environment, and it is also known as thermoacoustic instability. In most cases, pressure fluctuations will grow into a limit cycle, which can be portrayed as a closed loop in phase space. Analysis and prediction of combustion instabilities have been investigated for decades, and they rely upon the understanding of acoustic wave propagation in combustion chambers and flame response to flow disturbances. It has been shown that most of the acoustic characteristics of combustion instabilities can be analyzed by linearized equations [1] . However, the nonlinear features of combustion oscillations such as triggering and mode switching cannot be accurately predicted under the framework of linear analysis [2, 3] .
The nonlinearities in a thermoacoustic system with a low Mach number mainly come from the unsteady flame heat release process under acoustic perturbations. The heat release rate response involves various processes [4, 5] , such as velocity fluctuation, fuel/air mixing, vortex shedding, flame surface curvature and chemical kinetics. Most of the processes are more or less coupled with one another. Some of the processes can be significantly nonlinear under certain combustion conditions, and the nonlinearities corresponding to time delay and amplitude of heat release rate response can be significantly different under varying different burner structures, fuel components or flame equivalence ratios.
Different types of nonlinear oscillations have been found in combustion systems in addition to the normally observed stable limit cycles, with even chaos occasionally taking place [6] [7] [8] . In a duct burner with a laminar premixed flame, Kabiraj et al. [6] observed quasi-periodic, aperiodic and chaotic oscillations when varying the flame location in the duct. A type of oscillation with intermittent bursts also appeared in their experimental investigation [9] . They were presumed to be a result of hydrodynamic instability such as Kelvin-Helmholtz jet flow instability. It was noticed that violent pressure oscillations appeared during the flame lift-off that could lead to flame blowout. Boudy et al. [10, 11] reported the time-dependent limit cycles in a combustor with perforated plate stabilized multi-flame. Two categories of oscillations with periodically varying amplitude were found. One category displayed short periods of varying amplitude in time traces (several times of the fundamental acoustic period) that were sustained by multiple modes and had been successfully predicted in [10] . The other category showed time-varying amplitude and frequency with longer periods [11] , but it would be difficult to explain them as an interaction of multiple modes because the dominant peaks in the acoustic pressure spectrum are all located near the frequency of the same acoustic mode. Lieuwen [12] reported low frequency pressure oscillation amplitude variation (about 1.5 Hz) in a lean premixed combustor. It is shown that the "beating" oscillations occur and last for several seconds before developing into a limit cycle with higher amplitude. Matveev and Culick [13] observed beats in a Rijke tube with electrically heated grids when the mass flow rate and the heat power were low. When all the experiment results mentioned above are compared, it is evident that the time-dependent limit cycles can differ across various thermoacoustic systems.
To understand the characteristics of limit cycles with low frequency time-varying amplitudes, nonlinear coupling between heat release rate and acoustic fluctuation should be taken into consideration. Under certain conditions, the heat transfer processes in the burner can have significant effects on the unsteady heat release rate and can contribute to the nonlinearities. Recently, Hong et al. [14] have reported that intermittent instability can be observed in a backward-facing step combustor with a ceramic flame holder, but never observed in tests with a stainless flame holder. An analysis of the transient heat transfer process at the flame holder was suggested to investigate the thermoacoustic instabilities. Under acoustic perturbation, the flame could move back and forth, leading to conjugate heat transfer between the flame and the holder, mostly when the flame was at close proximity to the holder. In the acoustic time scale, heat transfer processes can influence the heat release response under acoustic perturbation [15, 16] . In a longer time scale, this can lead to enhanced or reduced heat transfer [17] , which may further change the mean state of a flame. Both of the effects of conjugate heat transfer will influence the stability of a thermoacoustic system.
In the present work, oscillations with obvious periodic amplitude modulation were observed under certain conditions in Rijke-type burners with modulation frequencies of approximately 1 Hz. This type of oscillation is referred to as "beats" after references [12] and [13] . It should be noted that in acoustics, beat is referred to as the variation in amplitude of a wave that results from the superimposing of two or more waves of different frequencies. While its use is more general here, it refers to oscillations with repeated appearances of louder and quieter segments without specifying the physical mechanisms. For a simple case, a beat can appear when two waves ξ 1 = sin(k 1 x + 2π ft) and
Equation (1) indicates that the superimposed wave propagates with amplitude modulation at a low frequency Df , which is called the beat frequency. Another type of beat can be obtained by nonlinear manipulation of ξ 1 , as described by eqn (2) (2)
where F (t) can be any waveform with a low frequency. Two or more acoustic waves with different frequencies are required for the former type of beat but only one acoustic wave is needed for the latter type. It should be mentioned that the thermoacoustic instabilities in Rijke burners are self-excited and the nonlinearities involved with the flame dynamics can give rise to harmonics of the dominant acoustic wave, however, other waves with frequencies very close to the dominant one (within ± 5 Hz) are seldom observed. To understand the self-excited beat in combustion systems, the mechanisms for amplitude modulation should be investigated.
The present paper is organized as follows. The experimental setup is discussed in section 2. Then the characteristics of beats are studied by comparisons with stable limit cycles and forced beats in section 3. This is followed by an analysis of flame dynamics at the beat frequency. In section 5, the experimental results of beats in two Rijke burners with different flame holders are demonstrated and the stability conditions of beats are discussed. Finally, conclusions are given in section 6.
EXPERIMENT SETUP
The experimental setup used in the present work is sketched in Fig. 1 . A quartz tube with a length of 0.70 m and a diameter of 0.05 m is used. The tube is adjustable in the vertical direction, allowing the flame location from the bottom of the quartz tube x g to vary from 0 ~ 0.40 m. Methane and air are supplied from two holes at the bottom of the mixing pipe, and the mixture flows through a short chamber and flame holder before reaching the flame. Combustion instabilities are detected by the measurement of pressure fluctuations in the quartz tube. Microphones are used for acoustic pressure
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measurements and can be mounted at seven branches on the quartz tube. To avoid interference from reflected waves, waveguide tubes are used in the measurement. Velocity fluctuations in the quartz tube can be calculated by the multi-microphone method. Heat release rate fluctuations are estimated by measuring global OH* chemiluminescence intensity with a photodiode equipped with a photomultiplier tube (PMT). A high-speed camera takes synchronous flame images. Thermal mass flow controllers that are connected to a computer measure the gas flow rates. In the present investigation, the fuel flow rate is set to vary within 3.4 ¥10 -3~ 7.8 ¥10 -3 g/s. The total heat release power of the flame is between 170 W and 390 W. The acoustic pressure oscillations can reach up to 127 dB in sound power level when thermoacoustic instabilities occur. To get a beat by linear superimposition, a loudspeaker and a waveform generator are used to generate a wave in addition to the thermoacoustic wave in the quartz tube. The loudspeaker is placed about 20 cm under the quartz tube. Two types of flame holders, made of steel gauze and perforated ceramics, respectively, are used in the experiments. The ceramic flame holder used here is 8 mm in thickness and 30 mm in diameter, which is not supposed to cause significant differences in the natural acoustic modes of the quartz tube when compared with gauze flame holder. To obtain a more uniform velocity profile for the flame with ceramic holder, the short chamber under the ceramics is filled with steel wool. It has been determined that this modification will not change the characteristics of thermoacoustic instabilities significantly for the conditions in the present investigation. The direct photos in Figs. 1(b) and 1(c) show that the flame stabilized by the ceramic holder is flat whereas the flame stabilized by the gauze holder has a conical shape in the center. Layout of the Rijke-type burner system (a). A PMT with an optical focusing system is used for the measurement of chemiluminescence intensity of the entire flame. A high-speed camera takes instantaneous flame images. A loudspeaker is placed under the quartz tube and used to generate acoustic waves for forced beat experiments. The direct images of the flame stabilized by steel gauze and by perforated ceramics are shown in (b) and (c), respectively. Figures 2 and 3 show the results of a stable limit cycle and a self-excited beat in the Rijke burner with a gauze flame holder, respectively. The two cases are taken under similar conditions, except for the differences in air flow rate. The time traces from silence to fully developed oscillation of the two cases are given in 2(a) and 3(a). frequency that are close to one another with identical intervals, as shown in Fig. 3(d) .
CHARACTERIZATION OF BEAT
As demonstrated in the introduction, both linear superimposition of waves with adjacent frequencies and nonlinear amplitude modulation at a much lower frequency can lead to a beat. To distinguish the mechanism of self-excited beat between the above two, further analysis in the time domain should be carried out.
To understand the different characteristics of the beats caused by nonlinearity, a forced beat experiment is conducted for comparison. The forced beat is attained by superimposing an externally forced acoustic wave on a stable limit cycle of the combustion system. The forcing frequency is slightly different from the fundamental frequency of the limit cycle. The forced beat is taken under the same fuel flow rate as the self-excited beat, but the equivalence ratio is higher at which a stable limit cycle occurs. The color contours in the two figures show the joint time-frequency analysis (JTFA) results of the two beats. The acoustic pressure time traces in the forced beat can be found in the upper part of Fig. 4 . The forced beat also shows intense amplitude modulations. Two peaks can be observed in the power spectrum corresponding to the separate frequencies of the original limit cycle and the externally forced acoustic wave. FFT result only illustrates the global frequency components of a signal; it does not show the periods in the time domain that each component occurred in. In the present investigation, JTFA is employed to compare the time-varying characteristics of the frequency components of the forced beat and the selfexcited beat. To obtain better resolutions in both time and frequency domains, the smoothed WVD method [18, 19] is adopted for JTFA in the present study. The JTFA results show that in the case of self-excited beat, the frequency decreases monotonously during strong oscillation periods (as 0.35 s ~ 0.70 s and 1.35 s ~ 1.70 s in Fig. 5 ), but in the case of forced beat, fundamental frequency variation during strong oscillation periods is not obvious and two weak frequency components can be found during the weak oscillation periods (as 0.4 s ~ 0.7 s and 1.1 s ~ 1.4 s in Fig. 4 ). This difference indicates the more complex mechanism of the self-excited beat compared with the forced beat. In a duct with fixed geometry, the frequency of thermoacoustic oscillation depends on the boundary conditions, gas temperature, unsteady heat release, etc. To fully understand the frequency variation, it is important to observe the flame dynamics and the heat release rate response to external perturbations.
FLAME PULSATION AT BEAT FREQUENCY
It was found in the experiments that the self-excited beats are accompanied with noticeable flame movement. With acoustic oscillation amplitude varying, the flame moves back and forth periodically at the beat frequency. Figure 6 shows flame images in a beat cycle (about 1 s) taken by a high-speed camera. The sampling rate is 160 frames per second. The acoustic pressure and heat release rate are synchronously measured, as shown in Fig. 7 .
In the self-excited beat, the total flame heat release rate is not only coupled with the acoustic pressure oscillations but also varies strongly at low frequencies. This is shown by the shorttime average of heat release rates ( ) in a moving time window. The intense low frequency flame pulsation may lead to the variation of the amplitudes and frequencies of the thermoacoustic oscillations. From one point of view, the temperature of the gas in the quartz tube influences oscillation frequencies. After accounting for the natural convection in the tube, the residence time of burnt gas is found to be comparable to the beat period, so the slow pulsating heat release rate can lead to the variation of the mean gas temperature downstream. From the other point, the short-time mean state variation of the flame has an effect on the heat release rate response to acoustic perturbations, which can change the amplitude and frequency of self-excited oscillations. Heat transfer between the flame and the burner can also play an important role in the flame dynamics under acoustic perturbations when the flame is in close proximity to the gauze [15, 16] . The heat release rate response to acoustic
Beat: a nonlinear thermoacoustic instability in Rijke burners perturbations can be varied in a beat period when the short-time mean flame location and mean heat release rate display large variations. Hence, the low frequency flame pulsating behavior in a self-excited beat can be the reason for the decrease of the fundamental frequency during strong pressure oscillations. In Fig. 6 , the flame images show that the flame is elongated significantly during strong pressure oscillation periods (1.300 s ~ 1.800 s) in the self-excited beat, and then and then loses length in the nearly silent periods (1.925 s ~ 2.175 s). It is interesting to note that , reaches the maximum value when the premixed flame is short and the flame surface area is small and reaches the minimum value when the flame is longer. The instantaneous flame surface area A f in the self-excited beat is calculated and plotted in Fig. 7(c) . The Abel deconvolution [20] is applied to reconstruct the flame shape with the raw image taken by high-speed camera. The pixels with local maximum intensity are then obtained to represent the flame surface. The A f is calculated by assuming that  q st Figure 6 :
Flame images in one beat cycle corresponding to times 1.300 s ~ 2.175 s in Fig. 7 . Flame images are taken by a high-speed camera at 160 frames per second.
the flame is rotationally symmetric. For a laminar premixed flame, the global heat release rate can be calculated with eqn (3):
where Dh is the heat of reaction per unit mass, ρ the density of unburnt gas and S L is the flame speed. In many investigations into premixed flame response to acoustic perturbations, the three parameters can be assumed to be constant, so the heat release rate response is dominated by the variation of the flame surface area A f . In the case of self-excited beat, the fluctuation of flame surface area is not proportionally correlated with the unsteady heat release rate.
Beat: a nonlinear thermoacoustic instability in Rijke burners The flame surface movement of a laminar flame results from the imbalance of incoming flow velocity and local flame speed. The acoustic signals acquired in the Rijke tube do not show any evidence of very low frequency velocity fluctuations ( Fig. 3(c) ), so the variation of flame speed is supposed to be an important factor that contributes to the low frequency flame dynamics. It is known that, for a nonadiabatic flame, flame speed is very sensitive to the flame temperature perturbations when the equivalence ratio deviates far from stoichiometry. Therefore heat loss has an important impact on flame speed variations. Large extent of heat loss can even lead to the intrinsic pulsating instability for a burner attached flame [21] . Figure 6 shows that the gauze stabilized flame consists of two distinct parts, a conical one which varies in flame height and a flat one which remains attached. The dynamic characteristics of this two parts are very different. For the flat flame, it is in close proximity to the gauze, the heat loss can be significant and the flame is stabilized by the conduction heat transfer to the gauze. In a beat, the amplitude of velocity oscillation varies periodically and the heat flux may also changes correspondingly. The pulsations of local flame temperature and speed can be expected to occur. However, the attached flat flame is not sensitive to the pulsations due to its stabilization mechanism. For the conical flame, its height increases in the first half beat period as shown in Figs. 6(a) to 6(e). This indicates the decrease of local flame speed due to the increases of heat loss by strong acoustic fluctuations. When the temperature of the flat flame decreases, the heat transfer in the radical direction will be enhanced. As a result, the flame temperature and flame speed at the conical flame decreases, and the flame surface adjusts its height to this change. As shown in eqn (3), the total flame heat release rate is determined by both flame speed and surface area. If the effect of flame speed decrease on heat release exceeds that of the flame surface area increase, a reduction of heat release rate can be observed as the results given in Fig. 7(c) . Conversely, in the second half beat period in Figs. 6(f ) to 6(h), the flame temperature and flame speed increase due to reduced heat loss from the flame holder, thus the conical flame shortens.
In the above explanation, the flame dynamics at acoustic time scales are not discussed. Since the acoustic time scale is much smaller than the beat period, the flame dynamics at acoustic time scale is not likely to have a strong influence on the low frequency flame dynamics directly. Figure 7 shows that the amplitude of heat release rate fluctuations at the fundamental acoustic frequency ( ) is very small compared with the amplitude of low frequency oscillation of However, the low frequency flame dynamics can have significant effects on the flame dynamics at acoustic time scale. The latter can change the thermoacoustic oscillations and lead to the variation of acoustic velocity oscillations, which has effects on heat transfer between the flame and its holder. This process should also be considered in the mechanism of beat in a Rijke burner. In order to explain the detailed flame dynamics in different parts of the flame, further experimental and numerical investigations on the interaction between local heat transfer and flame dynamics are needed.
For comparison to the self-excited beat, acoustic pressure and heat release rate in the forced beat are shown in Fig. 8 . Low frequency pulsating of heat release rate in the
st forced beat is weak and in the experiment it is observed that the flame pulsations are not so obvious as in Fig. 6 . The maximum short-time mean heat release rate ( ) appears during the strongest oscillation periods in the forced beat, while occurring at the beginning of oscillation growth in the self-excited beat. It seems that in the forced beat, is only dependent on the amplitudes of acoustic pressure oscillations and large amplitudes lead to large heat release rates. However, in self-excited beat case, tends to decrease during strong oscillation periods. When the oscillation is weakened enough, begins to increase. These results indicate the very different flame dynamics in the low frequency pulsations of the forced beat and the self-excite beat.
To understand the thermoacoustic coupling process at the fundamental acoustic frequency, velocity fluctuation should be considered. The multi-microphone method [22] is used to calculate the velocity fluctuation near the flame. The instant amplitudes of the velocity oscillations and the heat release rate oscillations obtained
Beat: a nonlinear thermoacoustic instability in Rijke burners with the short-time Fourier transform(STFT) method are compared, as shown in Figs. 7(d) and 8(d) . The plots are based on the fact that the fundamental frequency f 1 is always dominant in the FFT result of the signals in the moving time window. Figure  7(d) shows that there is an obvious time delay in the reduction of when compared with that of . However, in Fig. 8(d) , and are shown to always be in phase with one another. Comparisons of Fig. 7(c) and Fig. 7(d) reveal that the amplitude of velocity oscillation begins to grow near the peak of . This scenario is different from that of Figs. 8(c) and 8(d) .
The Rayleigh index (RI), described in eqn (4), is often used to determine whether the coupling between heat release rate and acoustic wave will occur.
(4)
Here, RI is employed to illustrate the time-varying coupling process in a self-excited beat. The result is shown in Fig. 9(c) . To avoid the influence of noise in heat release rate Figure 9 : Acoustic pressure (a) and heat release rate (b) of the same self-excited beat case as in Fig. 7 . Time-varying Rayleigh index (RI) is shown in (c) and phase difference between heat release rate and acoustic pressure at the frequency of the dominant acoustic mode is shown in (d). The horizontal dashed line in (d) correspond to Dϕ = π/2. signals, the integration time length T is chosen to be several times of the acoustic period. The corresponding instant phase difference between heat release rate and acoustic pressure at the flame is calculated based on the STFT method and plotted in Fig. 9(d) . It is found that the phase difference Dϕ increases slowly during the strong oscillation periods in a beat, but when the short-time averaged heat release rate approaches its minimum, Dϕ increases quickly and exceeds π /2. As a result, the RI decreases to zero and the oscillation attenuates. The increase of Dϕ indicates an increasing time delay of heat release response to acoustic perturbation. This is consistent with the hypothesis that the flame speed tends to decrease during strong oscillation periods in the self-excited beat case.
STABILITY MAP
Experiments with a range of fuel flow rates and equivalence ratios are performed. Figures 10 and 11 show the stability maps obtained with two flame holders by decreasing the equivalence ratio at several fuel flow rates. To check the repeatability of the beats, x g was varied by moving the quartz tube to stop the oscillations. The quartz tube was then moved back to the original location, and the same beat occurred. Under given conditions, the combustion system can sustain the beating oscillations for more than 20 min without significant change of the amplitude modulation behavior.
To specify a beat, the low frequency amplitude variation in time domain and the equal interval peaks in FFT results are both taken into consideration.
 q st It is found that beats occur at small heat powers and low equivalence ratios for the gauze stabilized flame and they occur near the upper and lower equivalence ratio limits of thermoacoustic instability for the perforated ceramics stabilized flame. The range of equivalence ratios at which thermoacoustic instabilities occur for the two flames are entirely different: instabilities occur at fuel lean conditions for the gauze stabilized flame and at fuel rich conditions for the perforated ceramics stabilized flame. In the experiments, both flames stabilized by the two burners are very short. The flat flame stabilized by the ceramic holder is closer to the holder than the flame stabilized by the gauze holder. Because of the differences in material and structure of the flame holders, the conjugate heat transfer process under acoustic perturbation can vary between the two flames. If this effect plays a significant role in the flame dynamics, it can influence the combustion conditions for thermoacoustic instability [15, 16] . Figures 10 and 11 show that beats only occur near the boundaries of thermoacoustic instability for both burners. Thermoacoustic instability is the result of acoustic energy gain from heat fluctuation. A limit cycle is attained when the energy gain and dissipation are balanced. From the perspective of amplitude modulation, beat is the result of the periodic alternation of the dominant role between energy gain and damping. Thus, this alternation is more likely to occur near the boundaries of thermoacoustic instability.
Different oscillations in the two stability maps are presented in Figs. 12 and 13 , respectively. Cases in Fig. 12 are obtained from experiments with the gauze flame burner. They all have identical equivalence ratios of 0.676, which is close to the lower equivalence ratio limit of the unstable region. By increasing the heat power, the combustion instability gradually varies from the beat to the limit cycle. Because there are no equal interval peaks in the FFT results in Fig. 12(c) , the case with combustion heat power at 300 W is not categorized into beat even though weak amplitude modulation of acoustic pressure can be distinguished in the time domain. Phase space reconstruction results are also given to illustrate the quasi-periodic and periodic behavior of the different cases. The phase plots of the beat cases are greatly deformed from 2D rings, but no period-doubling has been found. Cases in Fig. 13 are obtained with the ceramic flame holder. Beats near the upper equivalence ratio limit (beat I) have beat periods about 1 s, whereas beats near the lower equivalence ratio limit (beat II) have longer beat periods about 2 s. In beat II, the nearly silent state during one beat period can last for approximately 1 s. Comparison of all of the unstable cases in the two stability maps reveals that the beats are not determined by a single process of the combustion system. The dynamic mechanisms of the intense flame pulsating in the self-excited beats are crucial for the understanding of the conditions for beat occurrence. Several coupled processes could be involved with the flame pulsation, including the flame speed variation, conjugate heat transfer and intrinsic flame instabilities.
CONCLUSIONS
The present work focuses on beating oscillations observed in Rijke burners, which are characterized by periodic modulation of acoustic pressure amplitude at low frequencies (~ 1 Hz). A forced beat coming from a limit cycle with an externally generated acoustic wave at a separate frequency has also been measured. The results of the forced beat are compared with those of the self-excited beat to reveal the nonlinear characteristics of the self-excited beat. It is found that the self-excited beat shows more intense heat release rate pulsation than the forced beat. The phase relationships between the low frequency heat release rate and instant pressure oscillation amplitude in the two types of beat differ greatly. These differences indicate the different mechanisms of beat: linear superimposition for the forced beat and nonlinear amplitude modulation for the self-excited beat. The acoustic pressure JTFA results show that the fundamental frequency decreases monotonously during strong oscillation periods in a self-excited beat. The low frequency pulsation of instant mean heat release rate and time-dependent flame response to acoustic perturbation may be responsible for it. Flame images acquired by high speed camera shows that intense flame surface pulsation at the beat frequency occurs for the steel gauze stabilized flame. The flame speed variation due to gas temperature change is supposed to be a possible mechanism for this behavior. The experiments with two flame holders made of different materials have been conducted. The self-excited beats only occur near the boundaries of thermoacoustic instability by varying the heat release power and the equivalence ratio of the flames. Because the flames are weak and the flame surfaces are very close to the flame holders, conjugate heat transfer is important for the self-excited beat occurrence in thermoacoustic systems. Further investigation is required to understand the time-dependent coupling mechanisms in self-excited beats.
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